A Note on Locally Compact Subsemigroups of Compact Groups by Arzusa, Julio César Hernández
ar
X
iv
:2
00
8.
10
11
0v
1 
 [m
ath
.G
N]
  2
3 A
ug
 20
20
A NOTE ON LOCALLY COMPACT SUBSEMIGROUPS OF
COMPACT GROUPS
JULIO CE´SAR HERNA´NDEZ ARZUSA AND KARL H. HOFMANN
Abstract. An elementary proof is given for the fact that every locally
compact subsemigroup of a compact topological group is a closed sub-
group. A sample consequence is that every commutative cancellative
pseudocompact locally compact Hausdorff topological semigroup with
open shifts is a compact topological group.
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A nonempty subset S of a group satisfying SS ⊆ S is called a subsemi-
group. All topological spaces are considered Hausdorff spaces. The follow-
ing lemma has a remarkably elementary, self-contained, and straightforward
proof:
Lemma 1. Let S be a subsemigroup of a topological group G. Assume that
the following conditions are satisfied:
(1) Every closed subsemigroup of G is a group.
(2) S has inner points in S
Then S is a closed subgroup of G.
Proof. Define C = S. Then the continuity of the multiplication implies
that CC = S S ⊆ SS ⊆ S = C. So C is a closed subsemigroup of G and
therefore is a group by (1). It is no loss of generality to assume that C = G.
So we assume now that S is dense in G and we must show S = G. Let
T be the interior of S, then T 6= ∅ by (2). Take s ∈ S and t ∈ T , since
left translations of G are homeomorphisms, sT is an open neighborhood of
st and sT ⊆ sS ⊆ S. Hence st is contained in the interior T of S, so T
is a left ideal of S. Let D = T , then D is a subgroup of G by (1), now
SD = ST ⊆ ST ⊆ T = D. Therefore S ⊆ D, and since S is dense in
G, we have D = G, that is, T is dense in G. Now the mapping x 7→ x−1
form G to G is a homeomorphism, thus T−1 is the dense interior of S−1.
Let H = T ∩ T−1, then H is open and dense in G, too, and in addition, is
closed under both multiplication and inversion. Hence H is an open dense
subgroup of G. But any open subgroup of a topological group is closed (as
complement of the union of all other cosets) and so H = G follows. Then
1
G = H = T ∩ T−1 ⊆ T ⊆ S finally shows S = G, completing the proof of
the lemma. 
Condition (1) in the Lemma is satisfied for a topological group G if and
only if for each closed subsemigroup S and each s ∈ S, the semigroup
{s, s2, s3, . . . } is a group and therefore contains s−1. By Weil’s Lemma this
holds for a locally compact group G if and only if it does not contain infinite
discrete cyclic subgroups (see e.g. [4]), 7.34).
It is known that Weil’s Lemma also holds in any pro-Lie group (see [5]
5.3). Every compact group satisfies (1) (cf. [4], A4.34).
For a convenient formulation we define:
Definition 2. (a) A topological group is called Weil-periodic if for each of
its elements g the subsemigroup {g, g2, g3, . . . } is a group.
(b) For a subset X in a topological space Y , if U is an open subset of X
contained in X, the points of U are called conditionally inner points of X.
We call X conditionally open if each of its points is a conditionally inner
point.
A locally compact group is usually called periodic, if, in addition to being
Weil-complete, it is totally disconnected. Typically, the additive group of the
field Qp of p-adic rationals is periodic. In our present terminology, Lemma
1 says that:
a closed subsemigroup of a Weil-complete group is a group if it has condi-
tionally inner points.
Lemma 3. Any subgroup of a Weil-complete topological group is Weil-
complete.
Proof. Let A be a subgroup of a Weil-complete topological group G and let
a ∈ A. Let S denote the closure of {a, a2, a3, . . . } in A and S the closure of
S in G. Since G is Weil-complete, S is a group as is A by hypothesis. So
S = S ∩A is a group, hence A is Weil-complete. 
The most prominent example is furnished by precompact groups. A pre-
compact group P has a compact completion which is Weil-complete, hence
P is Weil-complete.
Corollary 4. A subsemigroup of a precompact group is a group if it has
conditionally inner points.
In particular, any open subsemigroup of a precompact group is a group.
For example, Z in its p-adic topology is precompact, hence is Weil-
complete and N fails to be closed.
Recall that a locally compact space is conditionally open in any Hausdorff
space that contains it; the elementary proof is an exercise and is provided
in [2], 3.3.9.
Now the following conclusions are immediate:
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Proposition 5. Any locally compact subsemigroup of a Weil-periodic topo-
logical group is a closed subgroup.
Corollary 6. Any locally compact subsemigroup of a precompact group is a
group.
Note that a locally compact subgroup of a Hausdorff topological group is
closed (see e.g. [4], Corollary A4.24). As a consequence we have the following
corollary.
Corollary 7 (F. Wright, [8]). Any locally compact subsemigroup of a com-
pact group is a compact subgroup.
This concludes the essentially selfcontained part of this note, while the
following discussion makes references to other publications.
The literature exhibits a variety of sufficient conditions for a cancellative
topological semigroup S to be a topological group, Indeed this is true if S is
(i) compact ([4, Proposition A4.34]),
(ii) countably compact first countable ([7])
(iii) sequentially compact ([1, Theorem 6]),
(iv) commutative and locally compact connected with open shifts ([3]), or
(v) commutative feebly compact first countable regular with open shifts
([3]).
Here a space is called feebly compact if each locally finite open family is finite.
What we call a shift in a semigroup is frequently also called a translation.
Recall also that a space is called pseudocompact if every every real valued
function on it is bounded. The list can now be expanded if we first quote
Corollary 2 of [3] as follows:
Proposition 8. A commutative cancellative locally compact pseudocompact
topological semigroup with open shifts can be embedded in a compact topo-
logical group as a dense open subsemigroup.
Now from Lemma 1 and Proposition 8 we obtain the following corollary.
Corollary 9. Each commutative cancellative locally compact pseudocompact
topological semigroup with open shifts is a compact topological group.
It is well known that every locally compact pseudocompact topological
group is a compact topological group (see [6, Theorem 2.3.2]). Corollary 9
now confirms this conclusion for a class of topological semigroups.
It may be helpful to recall the example of the circle group T = R/Z in
which the subsemigroup S = (Z +
√
2N)/Z is not a subgroup.
From Proposition 5 we know that a genuine subsemigroup of a compact
group (or indeed any Weil-periodic group) cannot be locally compact. For
the additive group R of reals, for any positive real number r and for any open
subset S such that ]2r,∞[⊆ S ⊆]r,∞[, the subset S is an open subsemigroup
of R.
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